Abstract. We investigate the possible disappearance of Mott oscillations in the scattering of bosonic nuclei at sub-barrier energies. This effect is universal and happens at a critical value of the Sommerfeld parameter. It is also found that the inclusion of the short-range nuclear interaction has a profound influence on this phenomenon. Thus we suggest that the study of this lack of Mott oscillation, which we call, "transverse isotropy" is a potentially useful mean to study the nuclear interaction.
Introduction
It is quite well known that the scattering amplitude describing the scattering of particles with a long-range interaction, such as the Coulomb one, composed of a slowly varying amplitude and a possibly rapidly varying phase. This results in a quantal cross section which is devoid of oscillations and which exactly coincides with the corresponding classical cross section. The reason for this is understood semi-classically, in the sense that in the evaluation of the quantal amplitude using the stationary phase method, one finds only one dominant contribution. The absence of oscillations in the scattering of non-identical particles with long range interaction, is changed when dealing with identical particles as the scattering amplitude in this case has to be symmetrized (bosons) or anti-symmetrized (fermions). In these cases one encounters rather strong oscillations in the cross section arising from the interference of the amplitude evaluated at an angle θ and the one at π − θ. The resulting, Mott, cross section is oscillatory and can be used to assess the importance of other weaker interactions which may be present. This idea has been explored by several authors in the case of heavy-ion scattering, where the long range interaction is the Coulomb one and the weaker interactions, can be long-ranged, such as multipole polarizability [1, 2] , relativistic effects [5] , color van der Waals force [3, 4] , or shortranged, such as the nuclear interaction [5, 6] . In this contribution we demonstrate that the Mott cross section in the absence of the weaker forces (pure Coulomb) can become structureless at a certain value of the Sommerfeld parameter [7] . This surprising effect can be explored to pin down the properties of the short-range nuclear interaction at energies well below the Coulomb barrier. In the next sections we give the details of our recent investigation [8, 9] .
Mott oscillations and their disappearance: Transverse Isotropy
We consider the scattering of two charged particles (nuclei) with charges Z p and Z t . The interaction is predominantly Coulomb. with a small nuclear contribution. The unsymmetrized scattering amplitude is given by,
where the amplitude, A C (E, θ) and the phase, ∆ C (E, θ) are defined in Eq. (1)
and where η and a are respectively the Sommerfeld parameter, and half the distance of closest approach in a head-on collision (zero impact parameter), given by
Above, v is the relative velocity, and σ 0 is the s-wave Coulomb phase shift
where Γ stands for the usual Gamma-function. An excellent approximation for σ 0 was obtained in [10] ,
The Coulomb amplitude, Eq. (1), must be symmetrized in the case of the scattering of identical bosonic charged particles, which for spin zero,
where σ inc (θ) is the incoherent sum of contributions from the two amplitudes, f C (θ), and
and σ int (θ) is the interference term,
Note that the incoherent part of the cross section is positive-definite, whereas the interference term may assume positive or negative values.
It was found in Ref. [7] that the full Mott cross section becomes flat at a critical value, η c = √ 2, of the Sommerfeld parameter. This feature was coined Transverse Isotropy, TI.This was accomplished by demanding that the second derivative of the cross section with respect to θ to be zero at θ = 90 o . Of all the heavy-ion systems which were considered, the best case for studying the TI was found to be the elastic scattering of two 4 He nuclei, for which the condition η c = √ 2 implies a center of mass energy of E c.m. = 0.397 MeV, well below the height of the Coulomb barrier, V B = 0.87 MeV. This guarantees that, for all practical purposes, the scattering is purely Coulomb. Our calculation also indicated that at an energy below E c the cross section at 90 o exhibits a maximum, while above the critical energy it exhibits a minimum. In 2006, Abdullah et al. [11] published elastic data for the α + α system at several energies starting from around the Coulomb barrier. In Fig. (1) we show their results, We see two flat regions followed by the usual oscillatory behavior. The first flat region is at E c.m. = 1.0 MeV, and the second at E c.m. = 1.5 MeV. Our calculation for a pure Coulomb potential Mott scattering predicts one flat region at E c.m. ≈ 0.4 MeV. This clearly indicates the influence of the short range nuclear interaction.
Inclusion of the nuclear interaction
In this section we investigate the influence of the nuclear interaction on the TI. We do this by adding this potential to the Coulomb one and solve the scattering problem. From the analytical point of view the determination of regions of the TI is more difficult here, but the calculation of the second derivative can be easily done numerically. First we give the salient feature of the symmetrized cross section in the presence of the nuclear interaction.
Using as a guide the form of the Rutherford cross section, Eq. (1), we can write the symmetrized cross section as
with the incoherent part σ inc , affected only very little by the short range nuclear interaction at sub-barrier energies,
and the coherent, interference, part σ int ,
which gives, with the help of Eq. (1),
The second derivative of the full cross section at θ = 90 o is evaluated for a nuclear interaction used in Ref. [11] . They employed the following nuclear force, where, V A = 122.62 MeV, R A = 2.132 fm, V R = 3.0 MeV, and R R = 2.0 fm, and a Coulomb interaction behaving as 4e 2 /r for r > R C , with R C = 5.8 fm and for r < R C ,
The above potentials, V N (r), V C (r), and V N (r) + V C (r) are shown in Fig. (2) . The nuclear phase is directly related to the nuclear potential and, to first order, is given by, [11] . The nuclear potential is the sum of two Gaussians, Eq.(14). The Coulomb potential is taken as V C (r) =
, where Θ(x) is the step function.
where r 0 = 2a is the distance of closest approach for head-on collision.
The above formulae can be used to assess the importance of the nuclear interaction on the Mott scattering. In fact, this procedure, based on perturbation theory, was used in Refs. [3, 4, 5, 6] . It would be instructive to perform the calculation of the second derivative of the cross section and demands that it be zero at θ = 0.0, to find the nuclear modified critical Sommerfeld parameter, which would be η c = √ 2 + δη(E). We leave this exercise for a future work. In the following, however, we perform the calculation exactly, by solving the scattering Schrödinger equation (optical model calculation)
The result of the optical model calculation of the second derivative of the symmetrized cross section at θ = 90 o is given in Fig.(3) . We see two clear crossings of the horizontal axis at 0.5 MeV and at 2.5 MeV. These crossing points correspond to TI . Between these two points, at E c.m. ≈ 1.4 MeV, the second derivative attains a very small value, very close to zero. We may take this point as a third TI. It is interesting to note that the TI at the lowest energy, E c.m. = 0.4 MeV, is shifted by the nuclear interaction to E c.m. = 0.5 MeV, indicating a slightly smaller value of η c than √ 2. The data of Ref. [11] exhibit two TI's, one at E c.m. = 1.0 MeV, and the other one at 1.5 MeV. Had the authors of Ref. [11] extended their measurement to energies, below the barrier, they would probably have encountered the TI at around (0.4 -0.5) MeV. It would therefore be quite interesting to perform measurements of the elastic scattering of α + α at around E c.m. ≈ 0.4 MeV and verify our findings.
Conclusions
In this work, we summarized our research on the phenomenon of Transverse Isotropy, predicted to occur in the low energy scattering of identical charged particles. At a critical value of the Sommerfeld parameter η = √ 2, the cross section becomes quite flat. The c.m. energy corresponding to this value of η, is found to be below the height of Coulomb barrier only for a very few systems. We considered the system α + α at sub-barrier energies and compared our findings to the experimental data of [11] . We found that whereas our calculation exhibits only one flat region, the data, taken at energies above the barrier, show two flat regions. The region we have predicted at E c.m. = 0.4 MeV was not accessed by the experimental group. The difference in the results of our calculation and the data is attributed to the importance of the nuclear interaction even sub-barrier energies. By including the nuclear interaction in our calculation, we accounted reasonably well for several features of the data. This clearly indicates that the study of TI could shed light on the nuclear interaction at very low energies.
